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Introduction

Sequences and series are foundational concepts in calculus that enable mathematicians, scientists, and engineers

to describe and analyze patterns that evolve over time or space. Whether you’re tackling a simple geometric

progression or a complex power series, understanding how to determine convergence, compute sums, and apply

various tests is essential. This guide offers a deep dive into common calculus sequences and series problems and

solutions, providing clear explanations, step �by �step examples, and practical problem �solving strategies. By the end,

you’ll be equipped to approach new challenges with confidence and precision.

Understanding Sequences and Series in Calculus

What is a Sequence?

A sequence is an ordered list of numbers, usually indexed by natural numbers. Mathematically, we write a 

sequence as {a ™} where n is the index. Sequences can arise from formulas (e.g., a ™ = 1/n), recursive definitions (e.g., 

a ™ Š • = a ™ + 2), or real �world data. The primary focus when studying sequences is their limit as n approaches infinity.

What is a Series?

A series is the sum of the terms of a sequence. For a sequence {a ™}, the associated series is "� ™ Œ •^"� a ™. If the partial sums 

converge to a finite value, the series is called convergent; otherwise, it diverges. Infinite series are powerful tools

for representing functions, approximating values, and solving differential equations.

Why Study Sequences and Series?

Sequences and series provide a bridge between discrete mathematics and continuous analysis. They allow us to:

•  Approximate functions with polynomials (Taylor series).

•  Analyze the behavior of series in physics, economics, and engineering.

•  Determine convergence properties that impact numerical methods.

•  Develop intuition for limits, which is central to calculus.

Common Types of Sequences and Series

Arithmetic Sequences

In an arithmetic sequence, each term increases by a constant difference d. The general form is a ™ = a • + (n-1)d. The 

sum of the first n terms is S ™ = n(a • + a ™)/2. Arithmetic series are finite and straightforward to evaluate.

Geometric Sequences

Geometric sequences grow or shrink by a constant ratio r. The general term is a ™ = a •·r • {¹. The sum of a finite 

geometric series is S ™ = a •(1 - r •)/(1 - r) (for r "` 1). Infinite geometric series converge only if |r| < 1, with sum S = a •/(1 - 

r).

Harmonic Sequences

The harmonic sequence is a ™ = 1/n. Its series, the harmonic series "� •^"� 1/n, diverges, illustrating that even slowly

decreasing terms can lead to divergence.



Power Series

A power series has the form "� ™ Œ €^"� c ™(x - a) •. The interval of convergence depends on the coefficients c ™. Power series are

the foundation for representing analytic functions and solving differential equations.

Taylor and Maclaurin Series

Taylor series expand a function around a point a:

f(x) = "� ™ Œ €^"� (f } • ~(a)/n!)(x - a) •

When a = 0, the series is called a Maclaurin series. These series provide powerful approximations and are widely

used in physics, engineering, and numerical analysis.

Key Concepts and Tests for Convergence

Limits of Sequences

Determining the limit of a sequence is the first step in testing series convergence. If lim ™!’"� a ™ = L "` 0, the series "� a ™

diverges. If the limit is zero, further tests are necessary.

Absolute vs Conditional Convergence

A series converges absolutely if "� |a ™|converges. Absolute convergence guarantees convergence regardless of term

arrangement. Conditional convergence occurs when the series converges, but its absolute series diverges (e.g.,

the alternating harmonic series).

Comparison Test

For positive-term series, compare with a known convergent or divergent series "� b ™:

•  If a ™ "d b ™ and "� b ™ converges, then "� a ™ converges.

•  If a ™ "e b ™ and "� b ™ diverges, then "� a ™ diverges.

Ratio Test

Compute L = lim ™!’"� |a ™ Š •/a ™|:

•  If L , the series converges absolutely.

•  If L > 1 or L = "�, the series diverges.

•  If L = 1, the test is inconclusive.

Root Test

Compute L = lim ™!’"� |a ™|^(1/n):

•  If L , the series converges absolutely.

•  If L > 1 or L = "�, the series diverges.

•  If L = 1, the test is inconclusive.

Integral Test

For a positive, decreasing function f(x) with f(n) = a ™, evaluate the improper integral "+ •^"� f(x) dx:

•  If the integral converges, the series converges.

•  If the integral diverges, the series diverges.

Alternating Series Test

For an alternating series "� (-1) • z¹b ™ where b ™ > 0, if b ™ decreases monotonically to zero, the series converges.



Limit Comparison Test

Compute L = lim ™!’"� a ™/b ™ where b ™ is a known series:

•  If 0 , both series converge or diverge together.

•  If L = 0 and "� b ™ converges, then "� a ™ converges.

•  If L = "� and "� b ™ diverges, then "� a ™ diverges.

Problem �Solving Strategies

Step �by �Step Approach

1.  Identify the type of series (geometric, power, alternating, etc.).

2.  Determine if the terms approach zero.

3.  Apply the most suitable test based on series characteristics.

4.  Check for absolute convergence first; if not, test for conditional convergence.

5.  Verify results with alternative tests if the initial test is inconclusive.

Common Mistakes to Avoid

•  Assuming that a zero limit of a ™ guarantees convergence.

•  Applying the ratio test to a series with alternating signs without taking absolute values.
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